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Abstract 
The physical systems are modeled by differential equations in engineering problems. If all the parameters involved 
in a physical system can be known, with the initial and boundary conditions, one can predict the time evolution of the 
physical system by solving the govern differential equations. 
But the more general case is that we do not know the parameters and conditions precisely because the real problems 
in engineering are all governed by some very complex nonlinear systems. So that the parameters and initial, boundary 
conditions may fluctuate randomly or at least it appears to us in that way. 
One way to deal with that situation is to use stochastic differential equations. The theory of stochastic ordinary 
differential equations has been well developed since K. Ito [2] introduced the stochastic integral and the stochastic 
integral equation in the mid-1940s. Recently, K. Yoshimi and T. Yamada [5] have used this method to study the 
uncertainty of discharge due to the random fluctuation in precipitation.  
The present study tried to general Ito’s method to the shallow water equation which is a partial differential equation, 
to study the uncertainty of discharge due to the randomness effects in space by changing the partial differential 
equation to an ordinary differential equations using the Lagrange point of view. As a result, we proposed a Boltzmann-
type equation to govern the time evolution of the probability density function of discharge and water level in river 
channel and show the result of simulation. 
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1. Introduction 
Generally speaking, researchers are preferring deterministic method to stochastic method in the hydrology 
calculations, such as rainfall-runoff simulation, or open channel simulation. The reason is that the computational cost 
of stochastic method is much higher than deterministic methods. However, in atmosphere science or ocean engineering, 
researchers are more likely to use stochastic method or ensemble forecast even though the computational cost is already 
very expensive in these fields.  
The problem of deterministic method was pointed out by Edward Lorenz in 1963. It is now well known as the 
“chaos phenomenon”. Chaos phenomenon can be described as follows: A phenomenon that the time evolution of a 
dynamical system is highly sensitive to the initial condition, usually because of the strong nonlinearity of the system. 
Because it is almost impossible to determine the exact initial condition of a complex system in atmosphere science, a 
technique named “data assimilation” which combined stochastic method and ensemble forecast is rapidly developing 
in recent years. 
It is true that the nonlinearity of hydrology systems may not as strong as atmosphere systems, but it becomes more 
and more important to understand the uncertainty in hydrology system from the point of view of disaster risk 
management. So the present study is aimed to suggest a method to consider the spatial uncertainty of open channel 
when doing unsteady flow simulation. 
2. Basic of stochastic differential equation and its relation to data assimilation 
In this section we will discuss the basic of stochastic differential equations. And show how stochastic differential 
equations theory play an important part in data assimilation technique. 
2.1. Basic of stochastic differential equations 
The history of stochastic differential equations can be traced back to Albert Einstein’s paper in 1900 [1] which 
discusses Brownian motion. Later K. Ito [2] introduced the stochastic integral and the stochastic integral equation in 
the mid-1940s. He also showed that the time evolution of the random variables’ probability density function in 
stochastic differential equations follows the Fokker-Planck equation. 
stochastic differential equations are usually written in the following form: 
݀ റܺ ൌ ܨറ൫ റܺǡ ݐ൯݀ݐ ൅ ߪററሺ റܺǡ ݐሻ݀ ሬܹሬሬറ (1)
This form was suggested by K. Ito. റܺ ൌ ሺݔଵǡ ݔଶǡڮ ݔ௡ሻis a n-dimensional vector which represents the state of the 
system, ܨറ൫ റܺǡ ݐ൯is the deterministic part of the system ߪററሺ റܺǡ ݐሻis the covariance matrix of the random external force, 
and ݀ ሬܹሬሬറ is a standard multivariate Winner process. The equation described the time development of a system under 
random external force. 
K. Ito [2] have also shown that the equation (1) is equivalent to the following n-dimensional Fokker-Planck 
equation. 
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݌ሺ റܺǡ ݐሻ is the probability density function of റܺ, ௜݂൫ റܺǡ ݐ൯is the element in vector ܨറ൫ റܺǡ ݐ൯, and ߪ௜௝ is the element of 
covariance matrix ߪററሺ റܺǡ ݐሻ. Though the equation (2), we can calculate the time development of ݌ሺ റܺǡ ݐሻ which tells us 
the probability that the system which being considered is in state റܺ at time ݐ.
2.2. Basic of data assimilation 
The basic conception of data assimilation is that we use two kind of values to understand real physical phenomenon 
the theoretical value and observation value. Theoretical value means the value of state vector calculated by the control 
equations (for example, The Navier-Stokes equation in the case of fluid dynamic) and initial conditions. But actually 
neither theoretical value nor observation value is the true value of state vector. So data assimilation is aimed at combine 
these two values to estimate the true state of the physical systems. 
Actually the main difference between data assimilation and the traditional forecast method is not weather it takes 
observation value into account or not. The true difference is that data assimilation consider the true state of a physical 
phenomenon cannot be known exactly. It has to consider conditional probability such as ݌൫ റܺ௧௥௨௘ห റܺ௦௬௦ǡ റܺ௢௕൯ which 
means the probability of the true state റܺ௧௥௨௘  given the predict റܺ௦௬௦௧௘௠  and observation value റܺ௢௕ . Thus, the data 
assimilation has to use stochastic process theory and Bayesian statistics. 
2.3. Relation between stochastic differential equation and data assimilation 
The most widely used data assimilation methods can be classified to two kinds: filter methods based on the 
minimum variance estimation and variational methods based on the maximum likelihood estimation [3]. All the 
methods have to calculate the following conditional probability ݌൫ റܺሺݐଵሻห റܺሺݐ଴ሻ൯ which means the probability that 
system is at റܺሺݐଵሻ state at time ݐଵ given that the system is at റܺሺݐ଴ሻ state at time ݐ଴.݌൫ റܺሺݐଵሻห റܺሺݐ଴ሻ൯ can be calculated 
by equation (2). And that is the relation between stochastic differential equation and data assimilation. 
3. One Dimensional open-channel simulation 
The control equations of one dimensional unsteady open-channel flow is shown as follow: 
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 represents the flow direction,  is the cross section area of the open channel,  is the quantity of the flow,  is 
the section average velocity of the flow,  is the water level,  is the wetted perimeter and ɒୠis the bed shear stress. 
We consider only the rectangular cross section, and that gives us  ൌ ǡ  ൌ ǡ  ൎ .  is the width of the 
rectangular cross section,  is the quantity per unit width and  is the water depth. Besides, the bed shear stress can 
be expressed by the Manning's empirical formula which is: 
߬௕
ߩ
ൌ ݄݃ܫ௙ ൌ
݃݊ଶݒଶ
݄ଵȀଷ
 (4)
୤ is the friction head lost and  is the Manning's roughness coefficient. Substitute (4) into (3), we get: 
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Equation (5) is the control equation we are going to use in present study. 
stochastic differential equations of one Dimensional open-channel simulation 
In the traditional simulation, equation (5) can be solved numerically. If we put a random external force on it, it will 
become a stochastic partial differential equation. In the present study we are going to calculate the probability density 
function of the state of the flow, so we have to change equation (5) to the same form as equation (1). This can be done 
by spatial discretization, but it will lead to an extremely high dimensional set of equations [4]. So we introduce a new 
method to do it. 
Suppose that ݄ሺݔǡ ݐሻ and ݍሺݔǡ ݐሻ are solutions of equation (5), the total derivative of ݄ሺݔǡ ݐሻ and ݍሺݔǡ ݐሻ is: 
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If equation (5) can be solved analytically, we can get the specific form of (6). You can consider (6) as a special 
kind of differential equation, apparently the solution of (6) is the same as (5). Equation (6) is close to equation (1), but 
still for function ݄ሺݔǡ ݐሻ and  ݍሺݔǡ ݐሻ there are still two independence variables inside them. Next, we consider the 
function of ݄ሺݔǡ ݐሻ and ݍሺݔǡ ݐሻ along the characteristic line by substituting ݀ݔ ൌ ݒ݀ݐ to the equation (6): 
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Add the random force term into equation (7), we get the final form: 
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For the simple case, we only consider the uncertainty in the quantity part and set ߪ as a constant. Now, the form of 
(8) is exactly the same as (1) which is a standard form of Ito’s stochastic differential equation. And it can be transform 
to the associated Fokker-Planck equation: 
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Equation (9) is a Boltzmann-type equation with diffusion term which suggested a diffusion process along the 
characteristic line of (5). In order to solve (9) we have to solve (5) on along the characteristic line which is equivalent 
to solve (5) from the Lagrange point of view. 
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4. Result 
4.1. One dimensional open-channel simulation from the Lagrange point of view 
The conditions of simulation are listed as following: Manning's roughness coefficient ݊ ൌ ͲǤͲ͵ , gravity 
acceleration ݃ ൌ ͻǤͺ݉Ȁݏଶ, slope ݅଴ ൌ ͳȀʹͲͲͲ, the length of the channel ܮ ൌ ͳͲͲͲ݇݉, the width of the channel ܤ ൌ
ʹͲͲ݉, the spatial resolution οݔ ൌ ʹͲͲͲ݉, time resolution οݐ ൌ ͵͸ݏ.
The initial condition is normal depth and the upstream boundary condition follows the (9) which is an imaginary 
hydrograph. 
ܳ଴ሺݐሻ ൌ ܳ஻ ൅ ሺܳ௉ െ ܳ஻ሻሺ
ݐ
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ݐ
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ܳ஻ ൌ ʹͲͲ݉ଷȀݏ is the base quantity of the river.ܳ௉ ൌ ͶͲͲ݉ଷȀݏ is the peak quantity of the event. ௉ܶ ൌ ͳͷ݄݋ݑݎ
is the peak time.ܥ ൌ ͳͲ is a coefficient which represent the slope of the rising part of the hydrograph. 
4.2. Result 
Figure 1 (a) and (b) shows the water depth of the open channel at timeݐ ൌ ʹͲ݄݋ݑݎ andݐ ൌ ʹͷ݄݋ݑݎ. The equation 
was solved from the Lagrange point of view numerically so that the calculation nodes are moving along the 
characteristic lineݔሺݐሻ. It can be seen that the calculation nodes are moving from upstream to the downstream in the 
continue animation. The control volume which represented by one calculation node has been set to a constant. That is 
to say ݄οݔ ൌ ܥ݋݊ݏݐǤ So when the peak of flow comes, water depth goes higher which makes the space between the 
calculation nodes οݔ go smaller, the density of calculation nodes looks bigger in the peak interval. 
Fig. 1. Water depth at (a) t=20hour; (b) t=25hour. 
4.3. Probability density function of water depth 
The next step is to use the result of 5.2 to solve equation (8). With the result of 5.2, the value of 
ܦݍȀܦݐǡ ܦ݄Ȁܦݐǡ ݀ݔȀ݀ݐ can be calculated. Set the diffusion coefficient ߪ to ͳͲି଺ . The boundary condition and initial 
condition are set to Dirac delta function on each calculation node. 
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Fig. 2. Probability density function of water depth at (a) t=20hour; (b) t=25hour. 
The Figure 2 (a) and (b) shows the probability density function of water depth h at time t=20hour and t=25hour. It 
can be seen that the variance goes lager from upstream to downstream, because of the diffusion effect. This effect not 
only comes from the spatial uncertainty such as the uncertainty of Manning roughness coefficient but also from the 
lack of information. Upstream is close to the boundary condition which is a important information of the system so 
that the uncertainty will be relatively small, but as the calculation nodes goes to downstream, the information was lost 
which makes the uncertainty of water depth goes larger. Just like people can see things that close to them, but cannot 
see things that far away from them. 
There is another way to understand the effect of diffusion. When the variance goes lager the information entropy 
goes lager. Generally speaking, we consider the direction which entropy goes up as the direction of time. But in the 
present study, it can be seen that if the spatial uncertainty of the system had been considered, the direction which goes 
away from the information point makes the entropy goes lager either. In this sense, this process cannot be reversed 
not only in time but also in space. 
5. Conclusion 
The present study is aimed to suggest a method to consider the spatial uncertainty of open channel when doing 
unsteady flow simulation. And also suggested a way to change a partial differential equation into Ito’s stochastic 
ordinary differential equation by considering the stochastic process along the characteristic line of the original partial 
differential equation. Through that the control equation of the time evolution of the probability density function can 
be driven, it is a Boltzmann-type equation. 
The present study also had done the simulation using the equations that had been driven above. The conclusion is 
that when it goes far way from the information point, the uncertainty goes lager very quickly. It means when one 
doing a long distance simulation, it has to put some observation data inside the open channel, this connect to the data 
assimilation and can be come a basic of data assimilation. 
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